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We investigate the effect of anti-ferromagnetic (AF) quantum criticality on the magnetic penetration depth
λ(T ) in line-nodal superconductors, including the cuprates, the iron pnictides, and the heavy-fermion super-
conductors. The critical magnetic fluctuation renormalizes the current vertex and drastically enhances zero-
temperature penetration depth λ(0), which is more remarkable in the iron-pnictide case due to the Fermi-surface
topology. Additional temperature (T ) dependence of the current renormalization makes the expected T -linear
behavior at low temperatures approaching to T 1.5 asymptotically. These anomalous behaviors are well consis-
tent with experimental observations. We stress that λ(T ) is a good probe to detect the AF quantum critical point
in the superconducting state.
PACS numbers: 74.40.Kb, 74.70.Xa, 74.25.Ha,74.20.Mn
The discovery of high-Tc superconductivity in iron-
pnictides has demonstrated possible existence of high-Tc ma-
terials other than the cuprates, and continues to promote cur-
rently intensive research studies. It is thought that high tran-
sition temperatures in these materials cannot be explained
by the conventional phonon-mediated mechanism. The un-
derlying pairing mechanism is one of most interesting and
highly debated subjects in modern condensed-matter physics.
A plausible scenario of unconventional pairing mechanism
is magnetic-fluctuations mediated superconductivity. Indeed
these materials share similar phase diagrams; unconventional
superconductivity appears in a close proximity to the anti-
ferromagnetic (AF) phase boundary. However, the details are
dependent on each material, and then it is still not so clear
whether the pairing mechanism in these materials can be un-
derstood on the same footing or not.
A systematic study in BaFe2(As1−xPx)2 system and its
comparison with the other systems give us a good opportu-
nity to elucidate a relation between AF fluctuations and high
transition temperatures1–5. In the normal state, the NMR re-
laxation rate 1/T1T increases on cooling2, the electric resis-
tivity shows T -linear behavior3 and the de Haas-van Alphen
(dHvA) measurement revealed the enhanced effective mass
toward the AF phase boundary4. These all observations im-
ply that the AF quantum critical point (AF QCP) can be lo-
cated at around the optimal doping x = 0.3 with the high-
est Tc. Recently, in the superconducting state, a sharp peak
of the zero-temperature penetration depth λ(0) has been ob-
served at the critical doping, indicative of the AF QCP be-
neath the superconducting dome5. From the conventional for-
mula λ2 = m∗c2/(4pie2n) [6], this means strong enhance-
ment of the effective mass m∗ with finite carrier density n [7].
Such a trend of the increase toward AF phase boundary has
been also reported in a heavy fermion compound CeCoIn5
[8]. Moreover, concerning T dependence, remarkable devi-
ation from the expected T -linear behavior, rather T 1.5 de-
pendence has been reported in these line-nodal superconduc-
tors9–11, as well as organic compounds κ−(BEDT-TTF)2X
(X=Cu[N(CN)2]Br and Cu(NCS)2) [12]. The London pen-
etration depth λ(T ) is sensitive to quasi-particle low-energy
excitations in the superconducting state. Generally, its T de-
pendence at low temperatures shows the exponential decay
in fully-gapped superconductors, and T -linear dependence in
line-nodal d-wave superconductors6. Experimentally, how-
ever, it is difficult to find T -linear dependence at low T limit
due to small amount of impurities and/or lattice imperfection.
Empirically, such deviation from T -linear can be well de-
scribed by interpolation formula T 2/(T+T ∗) with T ∗, where
T ∗ is T ∗imp ≈ 0.83
√
Γ∆0 with an impurity scattering rate Γ
and a maximum gap ∆0 for the impurity scattering origin13,
or T ∗loc ≈ ∆0ξ(0)/λ(0) with a coherent length ξ(0) for the
non-locality effect14. However, the observed T 1.5 behavior
means too much large T ∗ [11 and 12]. Instead, a possible
scenario independent of T ∗, the effect of additional momen-
tum dependence of mass renormalization below Tc, has been
discussed11.
In this letter, we investigate the effect of AF quantum crit-
icality on λ(T ) based on the standard Fermi liquid formula,
which was developed in Ref. [15–18]. The central physical
quantities are the mass renormalizationm/m∗ and the current
vertex j∗(k). The latter includes the Fermi-liquid type back-
flow effect, corresponding to 1+F s1 /3 in the isotropic Fermi-
liquid system, which cancels outm/m∗ in the Galilean invari-
ant system due to the Ward identity15–17. We here consider a
two-band model corresponding to the iron pnictides, and a sin-
gle band model in cuprates to mimic heavy fermion supercon-
ductors. In these lattice systems, m/m∗ is not necessarily re-
lated to the Fermi liquid corrections, and then can be strongly
renormalized as approaching to AF-QCP. Moreover, since the
current vertex is also reduced, λ2(0) can be more enhanced
than m∗/m. Interestingly, we find that the enhancement of
λ(0) is more remarkable in the iron-pnictide case due to the
Fermi-surface topology, which can explain dramatically sharp
peak observed only in the iron-pnictides. In addition, con-
cerning T dependence of λ(T ) in line-nodal superconductors,
we find that the current vertex correction provides additional
T dependence in λ(T ) near the AF QCP, which approaches
to T 1.5 asymptotically rather than the expected T -linear de-
pendence. We here show generic features of λ(T ) expected
in line-nodal superconductors located just close to AF-QCP
beneath the superconducting dome.
Formalism — First of all, we start with a brief summary
of a theoretical approach of λ(T ) based on the Fermi liquid
theory in superconducting states, following in Ref.[17]. For x
2direction,
1
λ2xx(T )
∝
∫
FS
dSk
(2pi)2|v∗(k)|v
∗
x(k)(1 − Y (k;T ))v¯∗x(k;T ),
(1)
where the integral is performed on the Fermi surface, and
Y (k;T ) is the so-called Yosida function, which decreases
smoothly from Y (k;Tc) = 1 and vanishes at T = 0, and
then dominates T dependence of λ(T ) at low T limit, which
gives rise to T -linear behavior in line-nodal superconduc-
tors. v∗(k) is a renormalized quasi-particle velocity, v∗(k) =
zk
∂
∂k
(
εk +ReΣ
R(k, 0)
)
with a band dispersion εk, a self-
energy shift ReΣR(k, 0), and a mass renormalization factor,
zk =
(
1− ∂ReΣ
R(k, ω)
∂ω
∣∣∣∣
ω=0
)−1
. (2)
The renormalized current vertex, v¯∗(k;T ), is defined by
v¯∗(k;T ) = j∗(k)−
∫
FS
dSk′
(2pi)2|v∗(k′)|fk,k′Y (k
′;T )v¯∗(k′;T ),
(3)
with the quasi-particle current density,
j∗(k) = v∗(k) +
∑
k′
fk,k′
(
−∂f(εk′)
∂εk′
)
v∗(k′), (4)
where f(ε) is a Fermi distribution function, and fk,k′ an effec-
tive interaction between quasi-particles. Note that v¯∗(k;T )
includes a repetition of Y (k;T ), which can produce addi-
tional T dependence in nodal superconductors. Following
these formula, zero-temperature penetration depth λ(0) is
simply given by
1
λ2xx(0)
∝
∫
FS
dSk
(2pi)2|v∗(k)|v
∗
x(k)j
∗
x(k). (5)
Here j∗x(k) includes both the mass renormalization m/m∗
and the current vertex due to the backflow effect19. In the
Galilean invariant isotropic systems, the current density is re-
duced to the unrenormalized velocity v(k) = v∗(k)/zk due
to the above-mentioned Ward identity, which is identical to
the unrenormalized penetration depth ∼ n/m. In generic
lattice system, such compensation does not work. If neglect-
ing the backflow effect as the zeroth-order approximation, i.e.,
including only the effect of mass renormalization, then the
phenomenological renormalized value∼ n/m∗ is obtained,
which is below referred to as “without the current vertex cor-
rections (w/o CVC)”.
In this letter, to investigate the effect of AF critical fluc-
tuations, we consider the quasi-particle interactions fk,k′ =
zkΓk,k′(ω = 0)zk′ with Γk,k′(ω) = αU2χ(k − k′, ω) [20].
In the normal state, the strong AF spin fluctuations χ(q, ω) is
defined as follows, based on the self-consistent renormaliza-
tion theory21. With the AF wave vector, Q = (pi, pi),
χ(Q+ q, ω) =
χ(Q+ q)
1− iω/ΓQ+q , (6)
where χ−1(Q + q) = χ−1(Q) + Aq2 = η + Aq2 and
ΓQ+q = Γ(κ
2 + q2). A and Γ are material dependent pa-
rameters, related to characteristic temperatures TA and T0 via
TA = Aq
2
B/2 and T0 = Γq2B/2pi with qB , a cut off wave vec-
tor. TA and T0 represent the extent of the AF spin fluctuations
in momentum space and energy space, respectively22. Since
Aχ(Q) is a square of magnetic correlation length ξ2(T ), η
represents a distance to the AF QCP at η = 0. The preced-
ing studies show that the contribution at one-loop level can
well describe non-Fermi liquid behavior near the AF QCP.
Generally, in the superconducting state, the low-energy ex-
citations of the spin fluctuations should be drastically sup-
pressed due to the superconducting gap formation. However,
near the AF QCP in the superconducting state, the low-energy
excitations should increase again because the AF QCP is a
point at which a soft spin-excitation mode touch zero en-
ergy at Q [23]. In the present calculations, the key param-
eters are the effective interaction fk,k′ and the mass renor-
malization factor zk. Although these might have strong T
dependence for T < Tc, only weak T dependence has been
observed at least within the fluctuation-exchange approxima-
tions (FLEX)18. Thus we here do not consider T dependence
of these key parameters for simplicity. This assumption al-
lows us to evaluate the penetration depth with the same effec-
tive interaction as that in the normal state. It has an advan-
tage of the use of TA and T0 obtained by experimental data.
The self-energy is evaluated at one-loop level, Σ(k, iωn) =∑
k,n′ Γk,k′(iωn − iω′n)G(k′, iω′n) with Fermion Matsubara
frequencies ωn = (2n + 1)piT . The mass renormalization
factor of Eq.(2) is approximated as
zk ≃
(
1− ImΣ(k, ipiT )
ipiT
)
−1
, (7)
at T = Tc. Hereafter, let us discuss the obtained results24.
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FIG. 1. (Color online) Zero-temperature penetration depth λ2(0) as
a function of η in a unit of t, which denotes a distance to the AF QCP.
In the iron-pnictide case, a significant enhancement is observed both
with and without the current vertex corrections. In the inset, red
solid, blue dashed, green dotted lines, respectively, correspond to the
Fermi surfaces in the iron-pnictide case, and the electron- and the
hole-doped cuprate cases.
3Zero-temperature penetration depth — In Fig.1, we first
demonstrate η dependence of λ2(0) for three cases; the
iron-pnictide case, the electron- and the hole-doped cuprate
cases25. The inset is the corresponding Fermi surfaces. We
find a dramatic enhancement of λ2(0) in the iron-pnictide
case, as compared with the cuprate cases. Even without
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FIG. 2. (Color online) Angle (θ) dependence of the x component of
the Fermi velocity vx(k), the renormalized velocity v∗x(k), and the
renormalized current j∗x(k) in the hole-doped cuprate case (Left),
and in the hole pocket around Γ point of the iron-pnictide case
(Right). The minima observed in j∗x(k) of the left figure corresponds
to the hot spots.
the current vertex corrections (w/o CVC in Fig.1), similar
enhancement is obtained, although the magnitude is clearly
suppressed. This result is well consistent with experimental
observations; a trend of enhancement toward the AF phase
boundary in the cuprates and several heavy-fermion com-
pounds, and more remarkable peak structure observed in
BaFe2(As1−xPx)2. It indicates that the contribution of the
critical fluctuation on λ2(0) is significantly important in the
iron pnictides. Magnitude of the contribution is material-
dependent, related to a balance between the extent of spin
fluctuations in momentum space
√
η/A and the Fermi-surface
topology, especially, the size of the Fermi wave vector kF .
This is shown more clearly in the angle-resolved v∗x(k) and
j∗x(k), as illustrated in Fig.2. In the cuprate case, these have
strong angle dependence, and strong suppression with the ex-
tent of
√
η/A at around 20 and 70 degrees. These are the
so-called hot spots26,27, which are intersections between the
Fermi surface and AF Brillouin zone. In this regard, a flat
angle dependence in the iron pnictides is indicative that the
whole Fermi surface is just like hot spots. Indeed in this case√
η/A is large enough to cover the Fermi surface. Further-
more, we find that j∗x is more suppressed than v∗x. This sizable
CVC implies the importance of the backflow effect on λ(0).
In the vicinity of AF QCP, the renormalized current j∗(k) is
approximated by j∗(k) ≈ v∗(k)+cv∗(k+Q) with a positive
constant c. With the opposite sign of v∗(k) and v∗(k +Q),
j∗(k) and also λ(0)−2 are always suppressed near the AF
QCP.
Here, to clarify the role of the Fermi-surface topology in the
CVC effect, we demonstrate the effect of anisotropy of elec-
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FIG. 3. (Color online) Effects of the Fermi-surface topology on λ(0)
in the iron-pnictide case. The corresponding electron Fermi sheets
are illustrated in the inset. Case A is identical to the iron-pnictide
case in Fig.1. We set (t′′, V, µ) = (2.0t, 4.6t,−1.1t) in case B, and
(0, 4.8t,−1.3t) in case C. In the anisotropic Fermi surface (case B),
the contribution of the CVC, the difference between solid and dashed
lines, is much suppressed.
tron pockets in the iron-pnictide case in Fig.3. Case A is the
same as that in Fig.1. With just shrinking the Fermi-surface
volume (case C), λ(0) is enhanced due to increase of the nest-
ing property, although the contribution of the CVC (the dif-
ference between solid and dashed lines in Fig.3) is the same
degree. In contrast, in much anisotropic case B, the contribu-
tion of CVC is much suppressed, although w/o CVC is almost
the same. Recently, in BaFe2(As1−xPx)2, it has been shown
that the effective mass estimated by λ2(0), specific heat, and
dHvA effect is quantitatively consistent within experimental
error28. This corresponds to the case B with small contribu-
tion of CVC. Indeed electron sheets of BaFe2(As1−xPx)2 is
anisotropic rather than isotropic in the electronic band struc-
ture. Furthermore, the uniform mass enhancement over the
Fermi surface discussed there is consistent with the isotropic
suppression of j∗x(k) in Fig.2 due to relatively large
√
η/A as
compared with the Fermi-surface volume.
Generally, the CVC term has more or less finite contribu-
tion on λ(0), therefore the magnetic penetration depth can be
sensitive to a presence of AF QCP, as compared with mass
enhancement observed in specific heat and dHvA measure-
ment. Observation of a peak- or cusp-like feature of λ(0)
provides a direct evidence of AF QCP in the superconducting
state, while a finite jump indicates a first-order quantum phase
transition. Note that the enhancement of λ(0) is independent
of the superconducting gap structure, nodal or nodeless. The
zero-temperature penetration depth λ(0) is always enhanced
in a close proximity of the AF QCP even for a fully-gapped
s-wave state, therefore λ(0) can be a powerful tool to detect a
QCP beneath the superconducting dome.
Anomalous temperature dependence — Next we discuss
the T dependence of λ(T ) in line-nodal superconductors
near the AF QCP. In the ordinary nodal d-wave supercon-
ductors, ∆λ(T ) = λ(T ) − λ(0) should show T -linear be-
havior via the T dependence of Yosida function Y (k;T ),
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FIG. 4. (Color online) Magnetic penetration depth ∆λ(T )/λ(0) as a
function of (T/Tc)1.5. In the electron-doped case, anomalous power
law T 1.5 can be observed over a wide temperature range. Solid lines
denote T 1.5 dependence.
which dominates low-energy nodal excitations. Near the AF
QCP, the quasi-particle interactions fk,k′ have a sizable ef-
fect, and then a repetition of Y (k;T ) in Eq.(1) can pro-
vide additional T dependence; mainly the Maki-Thompson
term fk,k′Y (k;T )Y (k′;T ) ∼ T × T = T 2 can be en-
hanced. In Fig.4, we demonstrate ∆λ(T )/λ(0) as a func-
tion of (T/Tc)1.5 with η = 0.03 fixed in the cuprates case,
where ∆(k;T ) = ∆(T )(cos kx − cos ky) with the BCS-like
T dependence ∆(T ) = tanh
(
(pi/2)
√
Tc/T − 1
)
. We find
anomalous T 1.5 dependence over a wide temperature range in
the electron-doped case, while conventionalT -linear behavior
is found at low T region in the hole-doped case and without
the CVC. This means that in the CVC, a distance between
nodal points and hot spots is the key parameter. In the hole-
doped case, hot spots is far from the nodal points, and then
low-energy excitation arises from an ordinary nodal excita-
tions via Y (k;T ). On the other hand, in the electron-doped
case, hot spots are located near the nodal points, and then
nodal excitations are strongly affected by the CVC, mainly
through the above-mentioned Maki-Thompson term. Thus
anomalous T 1.5 behavior appears as a crossover from T to
T 2, and simultaneously the T -linear region shrinks (indeed
invisible in the electron-doped case of Fig.4). As approach-
ing the AF QCP, such anomalous power law becomes remark-
able, since contribution of the CVC becomes crucially im-
portant. Note that in this mechanism ∆λ(T ) remains strictly
T -linear at T → 0 limit, in sharp contrast to the interpola-
tion formula, where ∆λ(T ) ∝ T 2 rather at T → 0 limit.
Experimentally, there is no systematic study of λ(T ) in the
electron-doped cuprates, but in the organic superconductors
κ−(BEDT-TTF)2X, an in-plane penetration depth indicates
a crossover from T 1.5 to lower exponent with lowering T ,
which is well consistent with the present mechanism. More-
over, in the heavy-fermion superconductors, such as CeCoIn5
and Ce2PdIn8, T n with n = 1.2 ∼ 1.5 is observed over a wide
T range. These compounds possess complicated multi-Fermi
surface with 3-dimensional corrugation. Then it is likely that
some hot spots are located close to nodal points, which is just
like the electron-doped case. In addition, inevitable impuri-
ties and/or lattice imperfection mask the T -linear behavior at
T → 0 limit. Thus, it can be generally expected that a power
law T n with n > 1 is observed in line-nodal superconductors
that contain hot spots near the nodal points.
Finally, we comment on the iron-pnictide case of
BaFe2(As1−xPx)2. In this system, the dominant spin fluc-
tuation is an interband scattering between electron and hole
sheets. The superconducting gap structure is still controver-
sial; (a) horizontal nodes on the hole sheet29–31 or (b) loop
nodes on the electron sheet32–35. In any case, two Yosida func-
tions contained in the Maki-Thompson type contribution re-
spectively originate from two different bands, electron sheet
and hole sheet. If the gap structure on either band is node-
less fully-gapped, then its Y (k;T ) decays exponentially. In
this case, the present mechanism does not work without the
help of impurity scattering. However, it should be noted that
what stabilizes such nodal structure in this system is not the
above interband scattering, but the intraband scattering, be-
tween hole sheets in (a) or electron sheets in (b). If this scat-
tering process is sufficiently strong, the quasi-particle inter-
action fk,k′ should contain this process, and then would lead
to the anomalous T 1.5 behavior. Otherwise, we need another
possible scenario, such as T dependence of fk,k′ and zk [11],
some impurity effects36, and the effect of multi-gap structure.
To explore this point, further study is needed.
In conclusion, we have investigated the effect of the AF crit-
ical fluctuations on the magnetic penetration depth. Through
the effect of mass enhancement and current vertex correc-
tions, zero-temperature penetration depth is always enhanced
at the AF QCP irrespective of the gap structure, in particular,
dramatically in the iron-pnictide like case due to the Fermi-
surface topology. Moreover, we find anomalousT 1.5 behavior
over a wide temperature range even without impurities in line-
nodal superconductors with hot spots near the nodal points.
Thus we emphasize again that the magnetic penetration depth
is a powerful tool to detect the AF QCP beneath the supercon-
ducting dome.
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